Suppose that /* is a holomorphic function on a half-disc in the complex plane that extends continuously to the diameter E , such that the extension maps £ to a double cone with the vertex at the origin. If the extension f\E has an isolated zero at the origin, then / vanishes to finite order at 0.
Introduction
Let A+ = {z £ C : \z\ < 1, 3fa? z > 0} be a half-disc, E = {iy : -1 < y < 1} its diameter, and Y = {z £ C : z = r e'9, cp £ [cpx, cp2], r £ VL) a double cone in the complex plane with cp2-cpx < n . Let / be a function defined on A+ . If f(z) = o(zn) for all integers « e Z+ , then we say that / vanishes to infinite order at 0. We shall prove the following result:
Theorem. Suppose that f is a holomorphic function on A+ that extends continuously to the diameter E, such that the extension maps E to Y. If the extension f\E has an isolated zero at the origin, then f vanishes to finite order at 0. [2] and Alinhac, Baouendi, and Rothschild [1] , where the role of a cone took a C°°s mooth curve.
Results in this direction have been obtained recently by Bell and Lempert
The idea of the proof is as follows. The path f\E lies in a cone, so it cannot wind around the origin as is the case for f(z) = e~l/ which extends to a C°° function on A+ and vanishes to infinite order at 0. We shall develop the notion of index of a continuous curve that is not necessarilly closed. The theorem will follow from Lemmas 1 and 2 below.
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Index
Let y : [a, ß] -> C\{0} be a piecewise continuously differentiable curve in the plane. If y is closed then the index of y with respect to 0 is the integer 1 f dz \ fß y'(t) , WJ 2ni J7 z 2ni Ja y(t) If the curve y is not closed, then the number w(y) defined above is real if and only if the endpoints of y are at the same distance from the origin.
We define the index of y with respect to 0 to be the real number Ixid(y) = $tew(y).
The number 2% Ind(y) is the net increase of the argument of y(t). If two paths in C\{0} have the same endpoints, then the difference of their indexes is an integer. This index has the following properties:
(2.1) Ind(y) = IndOVM). We define the index of y with respect to 0 to be the number Ind(y) = Ind(y).
A homotopy argument shows that this number is independent of the choice of y provided that (i) and (ii) hold. Properties (2.1), (2.2), and (2.3) remain valid. The paths f°lr lie in a cone T, so their indexes are bounded by (2.3). From (3.2) we conclude that there is a constant C < oo such that |/(r)| < C for all r £ (0, 1]. Hence the averages in (3.1) are bounded and we get a contradiction. To prove (3.1) we map A+ conformally onto the strip S = {w £ C : dtew < 0, \^smw\ < n/2} by the mapping w = lnz. Since A+ is simply connected, there is a function Q>, holomorphic on A+ and continuous on A+\{0}, such that f(z) *(*)
zeA+\{0}. Proof. We may suppose that f\E vanishes only at the origin and (4.1) l/l < 1 on A"
Suppose that the lemma does not hold. Let (rn) be a decreasing sequence of positive numbers, such that all zeros of / lie on half-circles in A+ with centers at origin. Each of these half-circles contains only finitely many, say /c(«), zeros of /, counted with multiplicities. Let be the semi-annulus bounded with half-circles of radius r" and r"., . As in n n+i the previous proof we take the path yr(t) -re", t £ [-n/2, n/2], r £ (0, 1 ]. We shall assume that r ^ rn , so the path does not contain any zeros of /. Let We shall assume that / is a continuously differentiable function on A+ . In the continuous setting the proof has to be modified as in Lemma 2; we introduce Ja(x) by (3.3) and take the limit as a S n/2.
As in the previous proof we map A+ onto a strip S by logarithm w -In z and get a continuously differentiable function <ï> on [j An, holomorphic in the interior, such that f(z) = e (z). We also have and We can show that the last limit equals zero. We first observê^ = |exp(0>(^))| = \f(ew)\ f(eß-£+iy' However, if we use (4.8) and (4.9), this gives a contradiction:
K<Í ''j(x)dx <-2n In ^ ^ -oo.
Lemma 2 is proved.
Remarks
It is interesting that our index I(r) of the path f ° yr in Lemmas 1 and 2 behaves in entirely different ways, as we see in (3.1) and (4.7). In Lemma 1 we could show only the divergence of averages in (3.1), not of the index I(r) itself.
Let / be of smooth to infinite order on the closure A+ and holomorphic in the interior A+ . If / has a sequence of zeros (zn) c A+ converging to 0, then / must have a zero of infinite order at 0.
We do not know whether the theorem is true if the origin is not an isolated zero of f\E on the diameter E of the half-disc A+ .
